In this paper, we study the pre-inflationary dynamics for the power-law potential (V (φ) ∝ φ n ) with n < 2 in the framework of loop quantum cosmology. In the case where the kinetic energy of the inflaton dominates at the initial, the evolution of the universe can always be divided into three different phases prior to reheating: bouncing, transition and slow-roll inflation. During the bouncing phase, the evolution of the expansion factor is independent not only on the initial conditions but also the inflationary potentials, and is given explicitly by an analytical solution. In contrast, for the potential energy dominated initial conditions, this universality is lost. We also obtain total number of e-folds during the slow-roll inflation, whereby physically viable models are identified. In addition, we present phase space analysis for the inflationary potentials under consideration and compare our results with the ones obtained previously for different potentials.
I. INTRODUCTION
The cosmic inflation resolves many problems in the standard model of cosmology such as the horizon and flatness problems, etc. Inflation also describes the formation of the large scale structure of the universe and the origin of inhomogeneities observed in the cosmic microwave background (CMB) [1] . There are large number of inflationary models that can be compatible with the observations. Recently, Planck 2015 results show that, in the case of a single field inflation, the simple quadratic potential model with (V (φ) ∝ φ n with n = 2) is moderately disfavored in comparison to the power-law with n < 2 and Starobinsky potentials [2] . To this effect, it increases the curiosity in studying a single field inflation for the power-law potential with n < 2.
Despite the huge success of the standard inflationary models that are based on classical general relativity (GR), its past is insufficient due to the existence of a big bang singularity. It occurs in all scalar field models of inflation. To explain the inflationary process in context of GR, the initial singularity is inevitable [3, 4] , with which it is not very clear when and how to set the initial conditions. Additionally, to be compatible with the present observations, the universe has to expand at least 60 efolds during the inflation. Nevertheless, there are more than 70 e-folds during inflation in a large class of inflationary models [5] . In such models, the size of the present universe is less than that of the Planck at the beginning of inflation. As a result, the usual semi-classical treatments during inflation are questionable. This is known as the trans-Planckian problem [6, 7] . In addition, one normally ignores the pre-inflationary dynamics and sets the Bunch-Davies (BD) vacuum state at the time when * E-mail address: shahalam@zjut.edu.cn † E-mail address: manabendra@zjut.edu.cn ‡ E-mail address: wuq@zjut.edu.cn § E-mail address: Anzhong Wang@baylor.edu the wavelength of fluctuations were inside the Hubble horizon during inflation. However, the pre-inflationary dynamics can give rise to non-BD states at the onset of inflation [8] .
To address the above important issues, one way is to work in the framework of loop quantum cosmology (LQC), which provides a viable description of inflation together with its pre-inflationary dynamics [8] [9] [10] [11] . It is interesting to note that in such a framework the quantum geometrical effects at Planck scale provide a natural resolution of the big bang singularity [12] [13] [14] [15] , and the initial singularity is simply replaced by a nonsingular quantum bounce. Even more interesting, the universe which commences at the bounce can finally lead to the desired slow-roll inflation [16] [17] [18] [19] [20] [21] [22] [23] [24] .
To study the pre-inflationary dynamics and cosmological perturbations, there are mainly two different approaches, the dressed metric [10, [25] [26] [27] and deformed algebra [28] [29] [30] [31] [32] [33] . However, as far as only the evolution of the background of the universe is concerned, both approaches provide the same set of dynamical equations for the evolution of the background. Therefore, the results to be presented in this paper will be applicable to both approaches. With this in mind, we shall compare our results with the quadratic and Starobinsky potentials [8, 17, 19, 23] . In addition, similar analysis can be carried out for other inflationary models, such as, the monodromy, natural inflationary models, and so on. However, it is expected that the main conclusions obtained in this paper will be valid in those models, too, at least in the case in which the evolution of the universe is initially dominated by the kinetic energy of the inflaton [8] . This is because the kinetic energy will dominate the evolution of the universe in the whole bouncing phase, once it dominates it at the initial moment, and the potential energy remains un-dominant until the transition phase, at which the kinetic energy suddenly drops below the potential energy, whereby the latter takes over, and slow-roll inflation starts [8] .
The rest of the paper is organized as follows. Section II is devoted to the detailed analysis of the background arXiv:1710.09845v4 [gr-qc] 27 Dec 2017 evolution in the context of the positive inflaton velocity (PIV,φ > 0) and negative inflaton velocity (NIV,φ < 0), and also kinetic energy dominated (KED) and potential energy dominated (PED) cases at the quantum bounce. In section III, we present the phase space analysis for the power-law potential with n < 2. Our results are summarized in section IV.
Before proceeding further, we would like to notice that inflation with a power-law potential has been studied in Einstein's theory of gravity [34, 35] and in stringinspired model [36] . In particular, it was shown that weak singularity always occurs in high-order derivatives of the scalar field d (k+2) φ/dt k+2 → ∞ as φ → 0 for k < n < k + 1, where k is an integer [35] . In particular, for 0 < n < 1 the first derivative of the Ricci scalar diverges,Ṙ = 6(4HḢ +Ḧ) → −∞ as φ → 0. However, this singularity is weak in the sense that the space-time is geodesically complete and extendible at the singularity [35] . Since the Klein-Gordon equation in both cases are the same, it can be shown that such singularities also occur here in LQC. Moreover, recently inflation for a Bianchi I universe with different inflaton potentials and initial conditions were studied in [37] , and interesting results were obtained.
II. EQUATIONS OF MOTION AND BACKGROUND EVOLUTION
In a spatially flat Friedmann-Lemaitre-RobertsonWalker (FLRW) universe, the modified Friedmann equation in the framework of LQC can be written as [38] 
where H =ȧ/a, represents the Hubble parameter, and dot denotes derivative with respect to the cosmic time t, m pl is the Planck mass, ρ denotes the energy density of matter sources and ρ c is the critical energy density that designates the maximum value of energy density and found to be ρ c 0.41m 4 pl [39, 40] . In the framework of LQC, the conservation equation remains the same as in the classical theory,
where p is the pressure of the matter field. If the matter source is a single scalar field, then the above equation gives the Klein-Gordon equation,
Equation (1) shows that when ρ = ρ c , the Hubble parameter becomes zero which means quantum bounce occurs at ρ = ρ c . In the literature, the background evolution with the bouncing phase has been extensively discussed. One of the important result is that, following bounce, a desired slow-roll inflation is obtained generically [8, 12, [17] [18] [19] 41] . Following this, we shall study "bounce and slow-roll" with the power-law potentials,
where m has the dimension of mass. We consider five particular values of n: n = 7/4, 4/3, 1, 2/3 and 1/3, respectively, which are all consistent with Planck 2015 results for inflationary universe [2] . The corresponding values of m for every potential are given as
Let us first investigate the evolution equations numerically for different power-law potentials. We solve equations (1) and (3) numerically with the initial conditions of a(t), φ(t) andφ(t) at a particular moment. A natural choice of the time is at the bounce t = t B , at which we have
which implies thaṫ
and a suitable choice for a(t B ) is
Here after, we read off φ(t B ) andφ(t B ) as φ B andφ B . Sinceφ(t B ) is given by Eq. (7) for any given potential, the initial conditions will be uniquely specified by φ B only. Following this, we shall consider two cases: (a) PIV:φ B > 0 and (b) NIV:φ B < 0. Let us introduce the following quantities which are important for this paper [8] .
(1) The equation of state (EOS) w(φ) for inflaton field is given by
The EOS has to be very close to −1 during the slow-roll inflation.
(2) The slow-roll parameter H , which is defined in terms of H and its derivatives, During the slow-roll inflation, H 1. (3) The number of e-folds N inf during the slow-roll inflation is defined by
where a i represents the time when the universe commences to accelerate i.e.ä(t i ) 0. The a end is the time when the universe ends to accelerate i.e. w(φ end ) = −1/3.
(4) During the bouncing phase, we can obtain an analytical solution of scale factor a(t) by using equations (1) and (3) . In the bouncing phase, if the effects of potential are negligible compared to the kinetic energy term then equations (1) and (3) can be written as
On solving the above equations analytically, we finḋ
where t pl denotes the Planck time, and parameter δ = 24πρc m 4 pl represents a dimensionless constant.
(5) We also introduce a new quantity r w , which is the ratio between the kinetic and potential energies,
From which we define r cw as the ratio that corresponds to exactly 60 e-folds during the slow-roll inflation [2] ,
In the following sub-section, we shall discuss power-law potentials with different n in the context of PIV and NIV at the bounce.
A. Positive inflaton velocity:φB > 0
For power-law potential (4) with n < 2, we focus on the positive values of the scalar field φ as for negative values of φ, potential would be complex (except n = 1, in this case, potential would be negative). Therefore, φ must be positive in order to keep the potential to be real.
Power-law potential with n = 7/4
Let us start by considering the evolution equations (1) and (3) with (4) and n = 7/4. As mentioned above, we choose only positive values of initial conditions of φ B in order for the potential to be real. Further, it can be divided into two subclasses, KED and PED cases at the bounce. Fig. 1 (Top panels) corresponds to the KED initial conditions, for which we evolve the equations (1), (3) and (4) numerically, and obtain the evolution of the scale factor a(t), the EOS w(φ) and the slow-roll parameter H for the same set of initial conditions of φ B . It is clearly exhibited that the desired slow-roll inflation for a set of initial conditions is obtained. During this phase, a(t) is exponentially increasing (Top left panel of Fig. 1 ), w(φ) is nearly close to −1 (Top middle panel of Fig. 1) , and H 1 (Top right panel of Fig. 1 ). From the top middle panel of Fig. 1 , we notice that the evolution of the universe can be split into three phases, namely bouncing, transition and the slow-roll [8] . In the bouncing phase, the kinetic energy is dominated, and w(φ) +1. In the transition phase (t/t pl 10 4 ), w(φ) changes from +1 to −1 (t/t pl 10 5 ). In the slow-roll phase, w(φ) remains to −1 till the end of the slow-roll inflation. In the bouncing phase, it is astounding to note that the evolution of a(t) is independent for a wide varieties of initial conditions of φ B , and can be well approximated by the analytical solution (13) .
Next, we calculate the number of e-folds N inf during the slow-roll inflation for any choice of φ B in the range (0, φ max ), and the relevant quantities are shown in Table I. For the successful inflation, at least 60 e-folds are needed and to get it, one has to require
where
From Table I , we can clearly see that N inf increases as φ B increases, this implies that the larger values of φ B give rise to more number of e-folds during the slow-roll inflation. The similar results for power-law potential with n = 2 are shown in [8] .
The bottom panels of Fig. 1 are shown for the PED initial conditions at the bounce. In this case, one can clearly notice that the universality of the scale factor a(t) is lost, and the bouncing phase does not exist any more, though the slow-roll inflationary phase w(φ) −1 can still be obtained. As mentioned above, we get more number of e-folds for the larger values of φ B , as Table I shows.
Power-law potential with n = 4/3
In this sub-section, we consider power-law potential with n = 4/3. Similar to the case of n = 7/4, we choose only positive values of the scalar field to get the real potential. Later, the initial conditions at the quantum bounce can be divided into two categories such as KED and PED initial conditions.
Let us first focus on the case in which the evolution at the quantum bounce is dominated by the kinetic energy of the inflaton field. To this effect, we numerically evolve the system (1) and (3) with (4) and n = 4/3. The results are shown in the top panels of Fig. 2 . The evolution of analytical solution of a(t) (13) is also illustrated to compare it with the numerical solutions, and found to be universal (Top left panel of Fig. 2 ).
As we discussed in the case of n = 7/4, here also the evolution of the universe is divided into three phases; bouncing, transition, and the slow-roll (Top middle panel of Fig. 2 ). In the bouncing phase, the evolution of a(t) is independent not only on the different kind of initial values of φ B but also the inflationary potential. This is mainly due to the small amplitude of the potential in comparing with the kinetic term, and its effects on the evolution during the bouncing phase is almost insignificant. Top right panel of Fig. 2 demonstrates the evolution of the slow-roll parameter H . The slow-roll inflation regime can be obtained for any choices of φ B in the range (0, φ max ) (see Table I ). However, in order to get at least 60 e-folds during the slow-roll regime, the values of φ B should be in the following range
Bottom panels of Fig. 2 represent the evolution of a(t), w(φ) and H for the PED initial conditions at the bounce. In this case, the bouncing phase no longer exists and the universality of the scale factor disappears. However, slow-roll inflationary phase can still be achieved. Similar to the case of n = 7/4, as φ B increases we get more and more number of e-folds. In other words, the PED initial conditions can produce a large number of e-folds N inf during the slow-roll inflationary phase (see Table I ).
3. Power-law potential with n = 1, 2/3 and 1/3
In this sub-section, we shall study the cases n = 1, 2/3 and 1/3 for the power-law potential. Similar to the subsections II A 1 and II A 2, for all the three cases, φ B must be positive to obtain the real potential. Further the initial conditions at the quantum bounce can be divided into two categories, namely KED and PED.
Let us first consider the KED case at the bounce. We numerically solve the equations (1) and (3) with (4) and n = 1, 2/3 and 1/3, respectively. The results are displayed in the top panels of Figs. 3, 4 and 5, respectively. In the top left panels, the evolution of a(t) at the bounce are independent of the different sets of initial conditions and represent a universal feature. We also depict the analytical solution of a(t) (13) in comparison to the numerical solutions. As mentioned in sub-sections II A 1 and II A 2, here also the evolution of the universe for n = 1, 2/3 and 1/3 can be split into three regimes: bouncing, transition and the slow-roll. The corresponding number of e-folds N inf for each case are shown in Table II .
For these cases, the desired slow-roll inflation is achieved for any values of φ B in the range (0, φ max ). In the said range, we also have more than 60 e-folds in contrast to the cases of n = 7/4 and 4/3 where to obtain at least 60 e-folds the ranges were restricted.
For the different cases of n, the φ max are found to be:
For n = 1,
for n = 2/3, 
Finally, in the above cases, we consider the PED initial conditions at the bounce. The numerical results are illustrated in the bottom panels of Figs. 3, 4 and 5, respectively. In each case, the evolution of a(t) at the bounce is very sensitive to the set of initial conditions, and the universal features of it disappear. Specifically, the bouncing phase no longer exists. Although, the slowroll regime w(φ) −1 can still be achieved, see bottom panels of Figs. 3, 4 and 5. Additionally, the PED initial conditions can lead to a large number of e-folds N inf during the slow-roll inflationary regime that are shown in Table II .
B. Negative inflaton velocity:φB < 0
To cover the entire phase space we should also study the NIV at the bounce (φ B < 0). Similar to the previous sub-sections, in this sub-section, we choose the positive values of inflaton field at the bounce (φ B > 0) in order to keep the potential to be real. The detailed investigations for the power-law potential with n < 2 are given below.
Power-law potential with n = 7/4
Numerically, we evolve the system (1) and (3) with (4) and n = 7/4. Again, we have two cases such as KED and PED at the quantum bounce.
First we discuss the KED one, in which, top panels of Fig. 6 show the evolution of a(t), w(φ) and H for a set of initial values of φ B . In the top left panel, we also exhibits the analytical solution of a(t) (13) in comparison to the numerical solutions. Furthermore, we have three regimes; bouncing, transition and the slow-roll (Top middle panel of Fig. 6 ). Next, we calculate the number of e-folds N inf during the slow-roll regime for the restricted range of φ B , and given by (see Table III )
where φ max is given by Eq. (17) . Note that we do not obtain the slow-roll regime with φ B = 0, 0.5, 1 and 2 etc. for (φ B < 0). However, in sub-section II A 1, for the positive inflaton velocity (φ B > 0), the slow-roll regime covers the whole range of φ B as φ B ∈ (0, φ max ). To get at least 60 e-folds during the slow-roll inflation, φ B has to be restricted as shown in Table III :
For the PED conditions, the evolution of a(t), w(φ) and H are shown in the bottom panels of Fig. 6 for different initial values of φ B . In this case, the universality of a(t) has been lost and the bouncing phase does not exist any more. Though inflationary regime can be achieved. As φ B grows, we get more number of e-folds, see Table III. 2. Power-law potential with n = 4/3, 1, 2/3 and 1/3
Figs. 7, 8, 9 and 10 are plotted for n = 4/3, 1, 2/3 and 1/3, respectively, and show the evolutions of a(t), w(φ) and H for different sets of initial values of φ B . Top panels correspond to the KED case whereas bottom ones are for PED conditions. For each value of n, we get desired slow-roll inflationary phase. To obtain at least 60 e-folds during the slow-roll regime each n has restricted range given as follows.
For n = 4/3,
for n = 1,
for n = 2/3, φ B ∈ (4.02m pl , φ max ) (27) and for n = 1/3,
where φ max for n = 4/3, 1, 2/3 and 1/3 are given by the equations (19) , (20) , (21) and (22), respectively. The PED initial conditions lead to a large number of efolds during the slow roll regime, and are shown in Tables  III and IV. 
III. PHASE PORTRAIT AND THE DESIRED SLOW-ROLL INFLATION
According to Planck 2015 results [2] , the power-law potential with n = 2 is moderately disfavored compared to the models predicting a smaller tensor-to-scalar ratio, such as R 2 inflationary model proposed by Starobinsky [42] . However, the power-law potential with n < 2 is consistent with the Planck 2015 results. Therefore, in this section, we shall study the phase space analysis for the power-law potentials with n = 7/4, 4/3, 1, 2/3 and 1/3, respectively. The detailed analysis are given below.
As we mentioned in section II A, the inflaton field φ must be positive, to get the real potential. Conclusively, it would cover only the half phase space (semi-circle). To obtain the whole phase space, more precisely, to show the phase space trajectories in a complete circle, we introduce the following dimensionless quantities
to form an autonomous system of evolution equations, which are given by where V (φ) = V 0 φ n , and V 0 = 1/2 m 4−n . At the bounce, we have ρ = ρ c , this implies that
This is the equation of a circle. Thus, for the chosen dimensionless variables, we obtain equation of the circle at the quantum bounce irrespective of n. First we do analysis for n = 7/4. Tables I and III are obtained for PIV (φ B > 0) and NIV (φ B < 0). By looking at both tables, we observe that the observationally compatible initial conditions are φ B ≥ 0.805m pl foṙ φ B > 0 and φ B ≥ 5.3m pl forφ B < 0. Therefore, in the whole parameter space of initial conditions these are only the KED initial conditions which can produce the desired slow-roll inflationary regime in their future evolution. However, some of the KED initial conditions do Tables I and III . All the PED initial conditions at the bounce can lead to the desired slow-roll phase, and a large number of e-folds can be obtained, as shown in Tables I and III. Top panel of Fig. 11 shows the evolution of the phase space trajectories for both PIV and NIV, and also for both the KED and PED initial conditions, more accurately, it corresponds to the entire phase space. Regions close to the boundary of the circle represent the large energy density with the dominance of the quantum effects whereas small energy limit exists near the origin in the ξ − y plane. All the phase space trajectories are started from the bounce (ρ = ρ c ), and directed towards the origin which is the only stable point. The main characteristic of these portraits is the inflationary separatrix [17] that is shown in the figure where all the trajectories are attracted towards the origin.
Second, we consider the power-law potential with n = 4/3. In this case, we obtain 60 or more e-folds at the initial conditions φ B ≥ 0.4005m pl forφ B > 0 and φ B ≥ 4.889m pl forφ B < 0. Similar to the case of n = 7/4, here also some KED initial conditions do not provide the desired slow-roll phase. In the case of PED initial conditions, the enormous amount of inflation is obtained, see Tables I and III . The phase portrait for this case is exhibited in the middle panel of Fig. 11 .
Third, we study the potential with n = 1. For PIV (φ B > 0), the whole range of KED initial conditions of φ B (φ B ≥ 0) is consistent with the observations whereas in case of NIV (φ B < 0), it should be restricted as φ B ≥ 4.41m pl . This implies that, in the case ofφ B > 0, the entire range of KED initial conditions (φ B ≥ 0) can produce the desired slow-roll phase, and lead to more than 60 e-folds which do not possible in the cases of n = 7/4 and 4/3. All the PED initial conditions can give rise to a large amount of inflation, see Tables II and  III . The corresponding phase portrait is shown in the bottom panel of Fig. 11 .
Next, we focus on the potential with n = 2/3. Here also, forφ B > 0, the entire range of φ B (φ B ≥ 0) is in a good agreement with the observations whereas foṙ φ B < 0, it is restricted φ B ≥ 4.02m pl that is shown in Tables II and IV. Top panel of Fig. 12 demonstrates the phase space trajectories for the case under consideration.
Finally, we deal with the potential n = 1/3. In this case, the observationally compatible KED initial conditions are φ B ≥ 0 forφ B > 0 and φ B ≥ 3.49m pl foṙ φ B < 0. The PED initial conditions provide a large number of e-folds, see Tables II and IV . The phase portrait in this case is shown in the bottom panel of Fig. 12 .
We are now in position to compare our results with the consequences that are studied in the literature for the quadratic and Starobinsky potentials [8, 19, 23] . Our studies for the power-law potentials with n < 2 are in compatible with the quadratic potential. However, quadratic potential has been almost ruled out by the Planck data [2] . In terms of number of e-folds, both KED and PED initial conditions are in good agreement with observations for the potentials with n < 2 while Starobinsky inflation is observationally consistent only for KED initial conditions and not for PED ones at the bounce [8, 23] . 
IV. CONCLUSIONS
In the framework of LQC, we studied the preinflationary dynamics of the power-law potential with n < 2 for PIV and NIV, and also for KED and PED cases. We restricted ourselves to the said potential as the quadratic potential has been moderately disfavored by the Planck 2015 data [2] . In addition, we chose only positive values of inflaton field in order to keep the potential to be real. First, we considered PIV at the quantum bounce, the evolution of background is divided into KED and PED cases. In case of KED initial conditions, the universe is always split into three different phases prior to the preheating, bouncing, transition and the slow-roll. In the bouncing phase, the background evolution is independent not only on the wide varieties of initial conditions but also the potentials. Specifically, the numerical evolution of the scale factor has shown the universal feature and compared by the analytical solution (13) , see upper panels of Figs. 1−5. During this phase, the EOS remains practically w(φ)
1. However, in transition phase, it decreases rapidly from w(φ) 1 to w(φ) −1. The period of the transition regime is very short in comparison with other two regimes. Thereafter, the universe enters into an accelerating regime, where the slow-roll parameter H is still large, later it drastically decreases to almost zero, by which the slow-roll inflation commences, as shown in upper panels of Figs. 1−5. Next, we calculated the number of e-folds N inf during the slow-roll inflation, and presented in Tables I and II . In case of PED initial conditions, the universality of expansion fac- Tables I and II . Second, we considered NIV at the bounce, in this case also the evolution for KED initial conditions is divided into three regimes, namely bouncing, transition and the slow-roll. The universal feature of expansion factor appears whereas it is lost in case of PED initial conditions. The evolution of a(t), w(φ) and H are shown in Figs. 6−10, and corresponding number of e-folds are presented in Tables III and IV . To be consistent with the current observations at least 60 e-folds are needed during the slow-roll inflation. In case of PIV (φ B > 0), to get at least 60 or more e-folds, we have restricted the range of φ B for n = 7/4 and 4/3 whereas the restriction has disappeared for n = 1, 2/3 and 1/3, see Tables I and II. In contrast, in case of NIV (φ B < 0), all cases of n have restricted range, as shown in Tables III and IV. We also presented phase space analysis for the inflationary potentials under consideration. As we mentioned, the inflaton field φ must be positive in order for the po-tential to be real. But, it corresponds to only half phase space. Therefore, we used a generic set of dynamical variables to bring out better depiction of underlying dynamics. The phase portraits for the power-law potentials with n = 7/4, 4/3, 1, 2/3 and 1/3 are exhibited in Figs. 11 and 12. Moreover, for the generic initial conditions, the slow-roll inflation is an attractor in the phase space.
